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Abstract 

We have determined all Nambu tensors (Nambu structures) of order four and three 
. on four dimensional real Lie groups. Also, we have given a physical application. 
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1 Introduction 

ON 



In 1973 Nambu [1] studied a dynamical system which was denned as a Hamiltonian system 
with respect to a generalization of Poisson bracket (Poisson-like bracket), denned by a Jacobian 
determinant. Some years (about two decades) later Takhtajan [2] introduced the concept of 
Nambu-Poisson (or simply Nambu) structure by using an axiomatic formulation for n-bracket 
and gave the basic properties of this operation and also geometric formulations of Nambu 
manifolds. This new approach motivated a series of paper about some new concepts(note 
that there are another generalization was the so-called generalized Poisson bracket [3] [4]; a 
comparision of both concepts was given in [5] [6]). 

A Nambu manifold is a C°° manifold endowed with a Nambu tensor(a skew-symmetric 
contravariant tensor field on a manifold such that the induced bracket operation satisfies the 
fundamental identity, which is generalization of the usual Jacobi identity) [7]- [11]. In [12] and 
[13] the concept of Nambu Lie group was presented. In [13] Vaisman extended the Nambu 
brackets to 1-forms and by generalizing the Poisson-Lie case, he defined the Nambu-Lie groups 
as the Lie groups which were endowed with a multiplicative Nambu structure. The decomposi- 
bility of the Nambu structures for the Lie groups and also the correspondence between the set 
of left invariant Nambu tensor of order n on the m dimensional Lie groups G with set of n 
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dimensional Lie subalgebras of g (Lie algebra of G) were proven in [14] by Nakanishi. He also 
determined the multiplicative Nambu structures on three dimensional real Lie groups in [15]. 
Here, we determine the multiplicative Nambu structure of order four and three on the four 
dimensional real Lie groups. The outlines of the paper are as follows: 

In section two, for selfcontianing of the paper we review some definitions and theorems. Then, 
in section three, by using of the method applied in [15] we determine the multiplicative Nambu 
strutures of order four and three on the real four dimensional Lie groups. Finally in section 
four, by using of the Nambu structure of order four on the Heisenberg Lie group H4, we give 
a physical application. 

2 Basic definitions and theorems 

For self containing of the paper let us recall some basic definitions and theorems about Nambu 
structure ( [12] [15]). 

Let G be an m dimensional Lie group with Lie algebra g. Denote r(A n TG) as the set of 
antisymmetric n-vector fields (contravariant tensors) on G. Then to each rj G r(A n TG) one 
can define an n-brackets of functions f\ G T as follows : 

{/l, fn} = V(dfl, df n ), fi G 7. 

Furthermore, since the bracket satisfies Leibnitz rule, one can define a vector field j n _ 1 by 

Xfi,...,f n -i(g) = {h, fn-i, g}, Vg e T, 

where this vector field is called Hamiltonian vector field; the space of Hamiltonian vector field 
is denoted by H. 

Definition 1: [11] [14] [15] .An element rj G r(A n TG) ; for n > 3 is called a Nambu tensor 
of order n if it satisfies CxV = 0, for all Xa where C stands for Lie derivative. 

Definition 2: [11] [14] [15] An element rj G r(A n TG) is said to be a multiplicative tensor 
if^9ii92 &G,we have 

"31,92 = L g * Vg 2 + Rg^Vgi, 
where R 92 and L gi are left and right translations in G, respectively . 

A Lie group G endowed with a multiplicative Nambu tensor 77 is called Nambu Lie group [?]. 

Theorem 1: [13] Let G be an m-dimensional Lie group, and Let h be an n-dimensional Lie 
subalgebra of g with n > 3, for a basis {Xi, ...,X n } of h , put rj — X± A ... A X n . Then rj is 
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left invariant Nambu tensor of order n on G. Conversely given a left invariant Nambu tensor 
7] — X\ A ... A X n G A n g on G , then h = {X±, X n } is a Lie subalgebra of g. 

Corollary: [13] There is a one to one correspondence up to a constant multiple between the set 
of left invariant Nambu tensor of order n onG and the set of n- dimensional Lie subalgebra of g. 

Notice that for a Nambu tensor 77 of order n > 3, if / is a smooth function, then frj is 
again a Nambu tensor [11]. 

Theorem 2: [10] Let (G,rj) be an n-dimensional compact or semisimple Nambu-Lie group, 
and let 77 be of top order, then 77 = 0. 

The following theorem gives one of the characterizations of Nambu-Lie groups, which was 
proved by Vaisman [9]. 

Theorem 3: [13] If G connected Lie group endowed with a Nambu tensor rj which vanishes 
at the unite e of G , then (G,rj) is a Nambu-Lie group if and only if the n-bracket of any n 
left(right) invariant 1- forms of G is a left(right) invariant 1-form. 

By using the above theorem one can characterize a multiplicative tensor 77 of top order. Let g 
be a Lie algebra of G with a basis Xi, ■ ■ ■ ,X n . It is clear that the left invariant vector fields 
can be considered as basis ,we also denote the left invariant vector fields by the same letters 
Xi. Since 77 is of top order, 77 has an expression 77 = fX 1 A • • • A X n for some f G J 7 . 
Under these notations we have: 

Theorem 4: [15] Let 77 = fX\ A ... A X n , f G The a tensor of top order on G(such a tensor 
is always a Nambu tensor). Then rj is multiplicative if and only if /(e) = and 

k=l 

where C™- are structure constant of g with respect to the basis X x , ...,X n ,and q^i = 1, ...,n) are 
some constants. 

In [15] by using the above theorem the Nambu structure of three order for the three di- 
mensional real Lie groups are obtained. Here in similar way, we determine Nambu structure 
of f order four (top order) for four dimensional real Lie groups; and also by using of theorem 
1 we calculate Nambu structure of order three for these Lie groups. 

3 Nambu structures on four dimensional real Lie groups 

In this section, by using the theorems 1 and 4 we calculate Nambu structures of order four and 
three on four dimensional real Lie groups. Note that we use the Petra and et al's classification 
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[12] for four dimensional Lie algebras and their subalgebras. 

We denote by g the four-dimensional real Lie algebra, corresponding to the simply con- 
nected Lie group G. Then the left invariant linearly independent vector fields are denoted 
by Xi, X 2 , X 3 , X4. For calculating these, we need to calculate the left invariant 1-forms. Al- 
ready in [17] these calculations are performed. Here we use those results for obtaining the left 
invariant vector fields. The results are written in the following: 

r] G r(A 4 TG) is written as r) = fX 1 A X 2 A X 3 A X 4; and r) G r(A 3 TG) is written as 
rj = fXi Al 2 A X 3 , / G C°°. Now by using the theorem 4 we calculate the Nambu structure 
of order four on four dimensional real Lie algebras and also by using the theorems 1 and 4 we 
obtain the Nambu structure of order three on real four dimensional Lie algebra. The results 
are given in the following. 

But before listing the results; for presentation of the method, let us apply this method on the 
Lie algebra A 4;8 . 

This is a Lie algebra which is isomorphic to the Heisenberg algebra iJ 4 , and we have the fol- 
lowing commutative relations: 



[X 2 ,Xt] — X 2 , [X 3 ,X 4 ] — — X 3 , [X 2 ,X 3 ] — X\. 

The left invariant vector fields are written as X\ = X 2 = (— x 3 e~ x4 ) -Jj^j + e~ x4 -^2, X 3 = 

^afs' X± = a§r- From the theorem 4, a function /(x 1 , x 2 , x 3 , x A ) must satisfy /(0, 0, 0, 0) = 
and 

Xif+(E C *)f = * i = h-A, 
k=i 

where qi are some constants, hence / = q±x A , and 
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V Q<i x ) q x1 A ^ 2 A ^ 3 A ^ 4 , 

which gives a Nambu-Lie structure of order four on the corresponding Lie group G. 

The three dimensional Lie subalgebras of g with the left invariant vector fields are as follows: 
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so we have 



d d d 

ox ox 1 ox 6 
2 / ~4 9 9 9 



^3 = (g 3 x 3 + gi(e -i))_a — A 



(9a; 1 9a; 3 9a; 4 ' 
gives the Nambu - Lie structures of order 3 on G. 

In this way we determine all Nambu structures of order four and three on four dimensional 
real Lie groups. The results are listed as follows: 

[X i ,X j ]=0, 

9 9 9 9 

Xi = TTTi = 7^ , X 3 = 7— , X 



dx 1 ' dx 2 ' dx 3 ' dx 4 ' 

r, = {q^ + q 2 x* + q 3 x 3 + g 4 a; 4 ) A A A A A A 

3Ai : {Xi + aX 4 , X 2 + 6X4, X 3 + cX 4 } , a,b,ceR- {0}, 

9 9 9 9 9 9 

Xi + aX 4 = — — - — h a—, X 2 + 6X4 = — + 6— , X 3 + cX 4 = — + c 



eta; 1 9a; 1 ' ~ dx 2 dx 4 ' 9a; 3 dx 4 ' 

: {Xi + aX 2 , X3, X 4 }, 

9 9 9 9 

Xi + aX 4 = — + a—, X 3 = — , X 4 



9a; 1 9a; 2 ' 9a; 3 9a; 4 ' 

: {X 2 , X 3 , X 4 }, 

9 9 9 

X 2 = - - , X 3 = - - , X 



dx 2 ' 9a; 3 ' 9a; 4 ' 

: {X 1 + aX 3 ,X 2 + &X 3 ,X 4 }, 

9 9 9 9 9 

Xi + aX 3 = — + a—, X 2 + 6X 3 = — + 6— , X 4 = — , 

ox 1 ox 6 ox A ox 6 ax 4 

9 9 9 9 9 9 
Tj! = (g^ 1 + q 2 x 2 + g 3 x 3 ){— A — - A — + c— A — A — 

9a; 1 9ar 9ar 9a; 1 9ar 9a; 4 

+5 ^ A ^ A ^ + ^A^A^i 
9a; 1 9a; 4 9a; 3 dx 4 dx 2 dx 3 

V2 = (q^ + g 2 x 3 + g 3 x 4 ){ A A A A + a A A JL } , 
^ 3 = (gix 2 + g 2 a; 3 + g 3 x 4 ){A A ^_ A ^_ }? 

* = tex 1 + g 2 x 2 + g 3 x 4 ){ A A A JL + b A_ A JL A JL 

9 9 9 , 
9a; 3 9a; 2 9a; 4 
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A 2 © 2Ai : 

[Xi, x 2 ] = x 2 , 

9 2 d ® ® ® 

X\ = 7TT — X TT^") = TT^" 5 ^3 = 7TT ) -^4 



(9a: 1 9a; 2 ' 9a; 2 (9a: 3 9a: 4 ' 

V = (Q2X 2 + qi (e x - 1)) — A — A — A 



(9a; 1 9a; 2 9a; 3 9a; 4 ' 



3Ai : {Xi, X 3 , X 4 }, 

(9 (9 (9 

Xl = 7TT> -^3 = T; 7 5 -^4 



(9a; 1 ' 9a; 3 ' 9a; 4 ' 

: {X 2 ,X 3 ,X 4 }, 

x 2 = — , x 3 = — , x 4 = — , 

9a; 2 ' 9a; 3 ' 9a; 4 ' 

A 2 © Ai : {Xl + a(X 3 cos </? + X 4 sin ip), X 3 sin y2 — X 4 cos (p; X 2 }, 

(9 9 9 9 

Xl + a(X 3 cos (p + X 4 sin </?) = 7— + a cos V^ttt + as i> ni P~^~A ~ x<1 



X 3 sin <z> — X 4 cos(/9 = sin <z>-=— 5- ~~ cos <P~^ 

9a; 3 9a; 4 

x = A, 

dx 2 ' 

(9 (9 (9 

m = (qix 1 + q 2 x 3 + q 3 x A )— A — A 



dx 1 dx 3 dx 4 dx 2 '' 

9 9 



9a; 1 9a; 3 9a; 4 ' 
^ = ( gi a; 2 + g 2 x 2 + g 3 x 4 )A A ^_ A ^_, 

, 2 , __i , . 9 9 9 9 9 9 

V3 = {Q3X +qi{e - 1 {sm^— A — A — ©cosy?— A — A — 

9a; 1 9ar 9a; 2 9a; 1 9ar 9a; 4 

| a 9 a 9 a 9 
9a; 4 9a; 3 9a; 2 

2A 2 : 

[Xi,X 2 ] = X 2 , [X 3 ,X 4 ] = x 4 , 

, X2= » , x,4_4 , Xl " 



9a; 1 9a; 2 9a; 2 ' 9a; 3 9a; 4 9a; 4 

V q3[ W dx 2 9a; 3 9a; 4 ' 

Ai © A 2 : {Xi, X 3 ; X 2 }, 



9a; 1 dx 2 dx 3 dx 2 ' 



: {Xi, X 4 ; X 2 }, 



9 2 9 ,,9 ,,9 



-^1 — TTT ~~ x 7r~T ) ^4 — T; 7 , X 



9a; 1 J 9a; 2 ' 9a; 4 9a; 2 ' 
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: {X 1 , X 3 ] X 4 }, 

Xi = 7TT ? -^3 — 7TT — ^ 4 7r _ T ) -^4 



dx 1 dx 3 J dx 4 dx 4 '' 



: {X 2 ; X 3 ; X 4 }, 

X 2 = — X 3 = — -x 4 — X A = — , 
<9a; 2 (9a; 3 <9x 4 <9x 4 ' 



^3,3 : {Xi + X 3 ; X 2 , X 4 }, 



Xl + X3 = JL_ x2 a_ xa a X2= a x> < 



dx 1 ^ dx 2 dx 4 ' dx 2 dx 4) 



^3,4 : — X 3 ; X 2 , X4}, 



d d 2 d A d , r d „ <9 



X 1 -X 3 = — - — -a; z — + a; 4 — , X 2 = — , X. 



dx 1 dx 3 J dx 2 J dx 4 dx 2 dx 4 ' 



Al 5 :{X 1 + dX 3 ;X 2 ,X 4 } ; a = ( \ ' 



d, < |d| < 1 
1< Idl < 00 



d , d 2 d , 4 3 ^ 9 ^ 9 



X x + dX 3 — — — - + d— - — x —r — dx —— , X 2 — — -, X 4 — 

ox 1 ox 6 ox 1 ax 4 ox 1 ax 4 

/ 2 / -t 1 ,xx 9 d <9 
r tl = (g 3 x 2 + q 1 (e - 1))— A — A 



(9a; 1 <9x 3 <9x 2 ' 
^ = fea: 2 + g 1 (e- 1 -l))A A ^_ A ^_, 

% = fex 4 + g 2 (e"* 3 - 1))A A A A 



9a; 1 <9a; 3 (9a; 4 ' 
^ = (g3X 4 + g 2 (e- 3 -l))A A ^_ A ^_ ? 

/ -2a; 1 \ 5 a 9 a 5 

% = (9ie to)— A — A 



(9a; 2 (9a; 2 <9a; 4 ' 

(i\2)(x 1 -x 3 ) / ^ /\ ^ A ^ ^ A ^ A ^ I 
/J (9a; 1 (9a; 2 (9a; 4 (9a; 3 dx 2 dx 4 ' 



A 3 ,i © Ax : 

[X 2 , X 3 ] = Xi, 

X\ = Tr—r , X 2 = —x 3 — — - + 7— , X 3 = — — - , X, 



dx 1 ' dx 1 dx 2 dx 3 dx 4 '' 

d d d d 



V = (Q2X + q 3 x + q A x )— A — A — A 



dx 1 dx 2 dx 3 dx 4 ' 
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3Ai : {Xi, X 2 cos if + X 3 sinif, X4}, 

9 9 9 9 

Xi — — — - , X 2 cos ip + X 3 sin <f = cos if— — + sin v^tt - □ , X 4 = 



9a; 1 ' 2 r ' 6 ^ ' ^9a; 3 ' ^ 4 9a; 4 ' 

A 3 , 1 :{X 2 + aX4,X3 + 6X 4 ;X 1 }, 

d d n d 9 9 9 

X 2 + aX A = — - + a—- - X s —- , X 3 + bX 4 = — — + b—- , X l 



dx 1 dx 2 dx 4 ' 



A 2 @A 1 : {X 3 ,X 4 ;Xi}, 



dx 3 dx 1 dx 4 dx 1 ' 



A 3;2 :{X 3 + aX 4 ;X 1 ,X 2 }, 



dx 3 J dx 4 ^ dx 1 J dx 1 ' 

X 9 X 9 

1 dx 1 ' 2 dx 2 ' 

/ 1 2 a, d d d 
Vi = (qix + q 2 x + w)7tA^A 



dx 1 dx 2 dx 4 ' 
m = (q 3 x 1 + q 1 (e B -1))— A — A 



9a; 1 (9a; 3 9a; 4 ' 

_ /s 3 +(i\a)x 4 Dj^A^A^+a^A^A^i 
^ 3 ^ 1 6 9a; 1 9a; 2 dx 3 a dx 1 dx 2 dx 4 



dx 2 dx 4 dx 1 ' ' dx 3 dx 4 ' da; 1 ' 

771 = {q^ + q 2 ((xr + (x 2 ) 2 ) { ^ 2) + qsX*){cosif A A A A 



9a; 1 9a; 2 (9a; 4 
9 9 (9 , 

+ SmV? ^ A ^ A ^ } ' 

9 ^ r 9 9 (9 , 9 9 9 
* = +?2l){ _A I? A g;r + 6^A g;I A I? 

(9 (9 9 

9a; 4 9a; 3 dx 1 

A 3 , 2 © Ai : 

[Xi, X 3 ] = Xi , [X 2 , X 3 ] — Xi + x 2 , 

v ~x s ® v 3 -x 3 9 _ x s 9 9 9 

Xl ~ e ' X2 ~- xe o^ + e dx~2 > X3 "^ ' X4 ~dx~ 4 ' 

, -it 3 ,\ ^ 9 9 9 

3Ai : {Xi, X 2 , X 4 }, 

9 9 9 



8 



A 3 , 3 © Ai : 

[X!,X 3 ] = X 1 , [X 2 ,X 3 ] = x 2 , 



dx 1 ' ~ <9a; 2 ' ' dx 3 ' da; 4 ' 

/ _9 T 3 , N <9 9 9 (9 

r? = g 3 (e -l)7rrA — A — A 



9a; 1 9a; 2 (9a; 3 <9x 4 ' 



3Ai : {Xi, X2, X4}, 

(9 (9 9 

Xl = 7TT ? ^2 = 7T^7 ) -^4 



9a; 1 ' dx 2 ' 9a; 4 ' 

A 2 © A 1 : {X 3 ,X 4 ; X x cosy? + X 2 sin^}, 

A ,^ + (( ,. )2 + ( ^ )W , {cos ^ + sm ^ } , 

9 9 9 

X 4 = — -j , cosy? + X 2 sin (/? = cos 997— + sin (/?- 



9r 4 ' — ^ — ^ ^cfei 1 ""^cte 2 ' 



A 3;3 :{X 3 + aX 4 ;X 1 ,X 2 }, 
X 3 + aX 4 = ■— + a—- + x 1 —- + x 2 



dx 3 dx 4 dx 1 dx 21 
9a; 1 ' <9a; 2 ' 

* = te((*T + + ^ - l)){cos„ A A A A A + sin V A A JL a JL } , 

_ / a; a +(i\a)x 4 lU^A^A^+a^A^A^j 
^ 3 ^ 3 dx 1 dx 2 dx 3 dx 1 dx 2 dx 4 



A 3 , 4 © A x : 

[Xl,X 3 ] = Xi , [X 2 ,X 3 ] = — X 2 , 



X l = e~ x 



d 

dx 1 



X 2 = e x 



■ d 
dx 2 ' 



X3 — TTT ) — 



dx 3 



dx 4 ' 



d d d d 



V = (Q3X +qix )— A — A 



A 



dx 1 dx 2 dx 3 dx 4 ' 



3^4i — {X 1 , X 2 , X4}, 

x, 8 - 9 



d 



dx 4 ' X2 dx 2 ' Xa dx 4 ' 
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A 2 ®A 1 :{X 3 ,X 4 ;X 1 }, 
X 3 = — + x 1 



dx 3 dx 1 ' 
9 9 

X4 — 7TT j Xi 



dx 4 dx 1 ' 

: {-^3) X 4 ; X 2 }, 



dx 3 J dx 2 '' 
X 4 = 77-r , x 2 - 



dx 4 dx 2 
A 3 , 4 :{X 3 + aX 4 ;X 1 ,X 2 }, 

9 d ! 9 2 9 
a 3 + aX 4 = 7— + a—— + x —— — x 



dx 3 dx 4 dx 1 dx 2 ' 

Xi = A_ x 2 = A, 

dx 1 ' dx 2 ' 

d d d 
Vi = (Qix 1 + q2X 2 + q3X A )— A — A — , 

OX 1 OX z 9x 4 

/ 1 < r3 -.n d a 9 a 9 
V2 = ( q3 x +qi (e -%A-A-, 

^3 = (^ 2 + g 1 (e^-l)A A ^_ A ^_, 

, = (i\2 kl (^(i\ fl y){AAAAA + fl AAAAA } . 

A* 5 ©A i: (0 < |a| < 1), 

[^1,^3] = X 1 , [X 2 ,X 3 ] = aX 2 , 

3 9 -id 
Xl = e~ x , X 2 = e-- 



dx 1 ' " dx 2 ' 

x 3 = — x 4 = — , 

dx 3 ' dx 4 ' 

r] = g 3 (e (a+1) * -1)^-A — A — A 



ctei (9a; 2 (9a; 3 (9a; 4 ' 
3Ai = {Xi, X 2 , X 4 }, 

X\ = 7TT > X 2 = — — , X 4 



9a; 1 9x 2 9a; 4 

A 2 ®A 1 :{X 3 ,X 4 ;X 1 }, 



9a; 3 9a; 1 9a; 4 ' 9a; 1 ' 

: {-^3) X 4 ; X 2 }, 

9 2 9 9 9 

X i = 713 + ( ax )aZ2 ' X4 = oZa ' X 2 



dx 3 dx 2 ' 9x 4 9a; 2 ' 
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Al 5 :{X 3 + dX A ;X u X 2 }, 

^ 9 d j d 2 d 

X 3 + aA4 = 7— + a—— + x — — - + ax 



dx 3 dx 4 dx l J dx 2 ' 
dx 1 ' dx 2 ' 

V2 = (qsx 1 + qi(e x -1)— A — A 



dx 1 dx 3 dx 4 ' 
i* = (fc* 2 + ?i(e~ "1)^A — A— , 

„ _ _ / (l\2)(a+l)(^ + (l\a)x 4 N _ 1 a JL a J±_ , fl JL A JL A 

A 3 , 6 © Ai : 

[X 1? X 3 ] = — X 2 , [X 2 ,X 3 ] = x 1 , 

X 1 = cosx 3 —— + sinx 3 -—r , X 2 = —sinx 3 —— + cosx 3 



dx 1 dx 2 ' dx 1 dx 2 '' 

d d 

3 dx 3 ' 4 cte 4 ' 

d d d d 
r l = (q 3 x 3 + q 4 x)—A — A — A 



dx 1 dx 2 dx 3 dx 4 ' 



3Ai : {Xl, X 2 , X4}, 

d d d 

X\ = 7TT ? X 2 = — — , X4 



dx 1 dx 2 cte 4 ' 



^3,6 : {^3 + aX 4 ; X 1: X 2 }, 

9 d 2 d ! d 

A 3 + aX 4 = — — + a—— + x —— — x 



dx 3 dx 4 dx 1 dx 2 ' 

X 9 X 9 
1 dx 1 ' 2 dx 2 ' 

d d d 
Vi = (Qix 1 + q2X 2 + q 3 x )-— A — - A 



dx 1 dx 2 dx 4 ' 

* = (1 \ 2 )9l( ,» + (i \ .)*•){ A a A a A + a A a A a A } . 

A| )7 ©Ai: (a > 0), 

[Xi,X 3 ] = aXi - X 2 , [X 2 , X 3 ] = X 1 + aX 2 , 

1 + ax 3 d x 3 d 

X\ 



(1 + ax 3 ) 2 + (x 3 ) 2 dx 1 (l + ax 3 ) 2 + (x 3 ) 2 dx 2 ' 
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1 + ax 3 9 x 3 d 

2 = (1 + ax 3 ) 2 + (x 3 ) 2 dx 2 ~~ (I + ax*) 2 + (x*) 2 dx 1 ' 
9 9 

-^3 — ) ^4 — 



9a; 3 ' 9a; 4 ' 
q 3 (e 2axl - 1) 9 9 9 9 



(1 + ax 3 ) 2 + (x 3 ) 2 dx l dx 2 dx 3 9a; 4 ' 

3^4i : X 2 , X 4 }, 

9 9 9 

Xl = 7TT ) X 2 = 7T^ J 



9a; 1 ' 9a; 2 ' 9a; 4 ' 

^3,7 : {^3 + aX 4 ; Xi, X 2 }, 

^3 + a = A + a + ( x 2 + ax i) + (ax 2 - x 1 ) - ° 



dx 3 dx 4 dx 1 dx 2 ' 

! dx 1 ' 9x 2 ' 

Q Q Q 
Vi = (qix 1 + Q2X 2 + q 3 x ) — A 7— A 



dx 1 dx 2 dx 4 ' 

_ ( e x 4 +ax s l){^A^A^+a^A^A^i 
^ 2 ^ 1 6 dx 1 dx 2 dx 3 dx 1 dx 2 dx 4 

A 3 , 8 © Ai : 

[X 1; X 3 ] = 2X 2 , [Xi,X 2 ] = X\ , [X 2 ,X 3 ] = X 3 , 



dx 1 dx 2 dx 3 ' 

X 2 = — -x 3 — X 3 = — X 4 = —, 
dx 2 dx 3 ' dx 3 <9x 4 ' 



/ _ T 2 4x 9 9 9 9 
?7 = g 4 (e x Jt^-t A 7— A 7— A 



dx 1 dx 2 dx 3 9a; 4 ' 
A 2 ©A 1 :{X 2 ,X 4 ;X 1 }, 

X 2 = — +x 1 — X A = — X 1 = —, 
dx 3 dx 1 dx 4 ' dx 1 ' 

/ 1 , .2 9 9 9 

A3 5 8 : {;Xi,X2,X3/, 
Xi = e x — + 2x 3 — - (x 3 ) 2 



dx 1 ~ dx 2 9a; 3 ' 



9a; 2 9a; 3 ' 9a; 3 ' 

We know that such Lie subalgebra is simple, and the corresponding simply connected Lie group 
is G = SL(2,R), where SL(2,R)/Z ^ sl(2, R)[,]. Since G is semisimple, we have r? 2 = 
by theorem 1. 

A 3 , 9 © Ax : 
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[X\ , X 3 ] — — X 2 , [X 2 , X3] — X\ , [X\ , X2] — X3 

cosx 3 9 o 9 cosx 3 sinx 2 9 

X 1 = 7— + sinx 



cosx 2 dx 1 dx 2 cosx 2 dx 3 ' 

sinx 3 9 n d sinx 3 sinx 2 9 

X 2 = — — — 7- + cosx 3 ^^ + 



cosx 2 dx 1 dx 2 cosx 2 dx 3 ' 

9 „ 9 



3 dx 3 ' 4 dx A ' 

. q 4 x 4 9 9 9 9 



"cosh a; 2 9a; 1 dx 2 dx 3 dx 4 ' 
We have: 

^3,8 ; {; x±,x 2 , x 3 }, 

We know that such Lie subalgebra is simple, and the corresponding simply connected Lie group 
is G = SU(2). Since G is compact, we have r\\ = by theorem 1. 



A 4 ,i : 

[X 2 ,X 4 ] = X 1 , [X 3 ,X 4 ] = x 2 , 



9a; 1 ' dx 1 dx 2 ' 

X 3 = -(x 4 ) 2 —-x 4 — + — X 4 = — , 

2 da; 1 9a; 2 9a; 3 9a; 4 ' 

. o 4 . 9 9 9 ^ 
^ = (g 3 a; 3 + q 4 x )— A — A — A 



9a; 1 9a; 2 dx 3 dx 4 ' 



3A 1 :{X 1 ,X 2 ,X 3 }, 
X\ = 7TT ) X 2 = —^7 , X3 



dx 1 ' 9a; 2 dx 3 

A 3>1 : {X 4 + aX 3 ,X 2 ;X 1 }, 

A 4 + aA 3 = — — - + a-—r + x 



dx 4 dx 3 dx 1 ' 
9 9 



2 9x 2 ' 1 9a; 1 ' 

9 9 9 
?7i = (ft^ 1 + 92a; 2 + <? 3 a; 3 ) — A — A 



9a; 1 9a; 2 dx 3 ' 

* = \ ^ + - 4 ) + H^lii A ^ A A + ..A A A A A}. 

A\ 2 : (o^O, 1), 

[Xx, X 4 ] = aX 1 , [X 2 , X 4 ] = X 2 , [X 3 , X 4 ] = X 2 + X 3 , 
Ai = e ttt ) X 2 = e 



dx 1 dx 2 ' 
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Y — Jy _ 9 , Y - p~ x4 9 



x 4 = 



dx 1 dx 2 dx 3 (9a; 4 ' 



9 

dx 1. 



ZA l : {X U X 2 ,X 3 }, 

9 9 

X\ — 7TT ) 



X, 



9 

dx 3 ' 



9a; 1 ' dx 2 
^3,2 : {X 4 ; X 2 , X 3 }, 



X 



X- 



9a; 4 9a; 2 9a; 3 9a; 1 

9 ^99 
X 3 = — + a 



dx 2 ' 9a; 3 
^3,4 : {X 4 ; Xi, X 2 }, 

•9 i 9 
A4 = 7r - 7 + aa; 



dx 1 ' 



9 



9a; 4 



9a; 1 



x 



X 1 = 



9 



A^ 5 :{X 4 ;X 1 ,X 2 } \v=\\ 

I a 

„1 5 



dx 2 dx 1 
\a\ < 1 
a\ > 1 ' 



X 4 = 



9 

9a; 1 



9a; 1 



9 



Xx 



9 



9a; 2 9a; 1 

9 9 9 
77! = (g^ 1 + q 2 x 2 + q^)—— A A 



m = qi (e 2x -1) 



9 



A 



dx 1 dx 2 dx 3 
9 9 



A 



m = (<?i^ 4 ) 



9a; 2 dx 3 dx 4 ' 
9 9 9 



A 



A 



dx 1 dx 2 dx 4 ' 

.4 



9a; 1 9a; 2 dx 4 



X 2 = 



9 

9a; 2 ' 



X, = 



9 

9a; 2 ' 



4,2 



A 1 

[Xi, X 4 ] = X 1 , [X 2 , X 4 ] = X 2 , [X 3 , X 4 ] = X 2 + X 3 , 



X 4 = e" 



9 
9a; 1 



4 -x 4 ^ 

X 3 = -are 



9a; 2 



X 2 



_9_ 

9a; 2 ' 



9 



X 4 



77 = <? 4 (e 



-3x 4 



9a; 3 

_ s 9 9 9 9 
1)— A — A — A 



9 

9^' 



9a; 1 9a; 2 9a; 3 9a; 4 ' 



SA^X^X.^s}, 



X 1 = 



9 



X, = 



9 



9a; 1 9a; 2 
^3,2 : {X 4 ; X 2 , X 3 + aX ± }, 



X, = 



9 

9a; 3 ' 
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9 , 2 s\ 9 , 
X 4 = 7^ + (x 2 + x 3 )^^ + x- 



9 



dx 2 

9 9 
+ a 



dx A 

X 3 + a.X — ., : . 

ox ox 1 

^3,3 = {X 4 ;X 1 ,X 2 }, 

9 1 d 2 9 
X 4 = 77-r + x 1 7r -r +x 2 



9a; 3 



X 2 = 



9a; 4 



9a; 1 



X 1 



9 



dx 2 ' 9a; 1 

d d d 
rji = (qix 1 + q 2 x 2 + g 3 x 3 )7r-r A tt^t A 



f]2 = 5i(e 



2a; 4 



„, , 9 (9 9 



9a; 1 9a; 2 9a; 3 ' 
9 



9 
9a^' 



X 9 



9 

dx 2 ' 



A 



9a; 2 9a; 3 dx A dx 1 dx 2 dx A 



9 9 . 
A^}, 



% = gi(e 2 ^ 4 -l) 



9 



A 



9 



A 



9 



9a; 2 dx 2 dx 4 



A 4 , 3 : 

[X!,X 4 ] = Xi , [X 3 ,X 4 ] = x 2 , 

_ x i 9 9 4 9 9 9 

= e "n - T ' = , X 3 = —X —r + — — , X 4 = — — , 

9a; 1 ox 2 ox 2 ox 3 9a; 4 

/i / - T 4 , xx 9 9 9 9 

77 = (gxa; 1 + g 4 (e - 1))— A — A — A 



dx 1 dx 2 dx 3 9a; 4 ' 



3A 1 :{X 1 ,X 2 ,X 3 }, 

9 9 9 

^1 = TTT ' ^2 = 7r^> ) ^3 = 



O 1 5 rx 9 5 O rx Q5 

9a; 1 9a; 2 9a; 3 

A 2 © Ai : {X 4 + aX 3 , X 2 ; XJ, 

9 9,9 9 9 

X 4 + aX 3 = — + a— , X 2 = — , Xx - 



dx 4 dx 3 dx 1 ' 9a; 2 ' dx 1 ' 

^3,1 : {-^3) X 4 ; X 2 }, 

Y - 9 ^ 9 V - 9 Y - 9 

9a; 3 9a; 2 9a; 4 9a; 2 

9 9 9 

?7i = (gia; 1 + <?2^ 2 + 93^ 3 )^-r A — A — , 

ox 1 ox 1 ox 6 

V2 = (ggrr 1 + ?1 ( e (i\ 2 )(^ 4 +(i\^ 3 ) _ l)}{ a — A — A — + — A — A — }, 

dx 1 dx 2 dx 3 dx 1 dx 2 dx 4 ' 

.0 4 9 9 9 
V3 = [Qix +q2X feA — A 



dx 2 dx 3 dx A 
A 4 ,4 : 

[Xi, X 4 ] = Xi , [X 2 , X 4 ] = Xi + X 2 , [X 3 , X 4 ] = x 2 + x 3 , 
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,A 



9 „ 4 4 9 _„4 9 



= e - * — , X 2 = -a; 4 ^* — + e 



9a; 1 ' dx 1 dx 2) 



Ar, = ( W \2 )e - sr -*' e - SJ + e - Si , a- 4 = -, 

. _o 4 „, 9 9 9 9 

V = q 4 (e 3x - I)— A — A — A 



9a; 1 9a; 2 9a; 3 9a; 4 ' 



3A 1 : {X 1; X 2 ,X 3 }, 

9 9 9 

X\ — 7TT ) -^2 — T; o , ^3 — 



9a; 1 ox 2 ox 6 

^3,2 : {Xt; Xi,X 2 }, 

9 1 2 9 2 9 9 9 

-X-4 — ttt + + x J "5~T + x ~5~1T ' 1 ~~ "n~T ' X2 — "^-n", 

9a; 4 9a; 1 9a; 2 9a; 1 9a; 2 

^i = (^ 1 + ^ 2 + ^ 3 )— A — A— , 
, 2r 4 9 9 9 



9a; 1 dx 2 dx 4 ' 

A a,b 4, 5 : (-1 < a < b < 1, ab ^ 0), 

[Xi,X 4 ] = X 1 , [X 2 ,X 4 ] = aX 2 , [X 3 ,X 4 ] = 6X3, 



,A 



9 „ _ 4 9 „ ^4 9 ,,9 



9a; 1 9a; 2 9ar 9a; 4 



9a; 1 9a; 2 9a; 3 9a; 4 ' 



3A 1 :{X 1 ,X 2 ,X 3 }, 

9 9 9 

-^1 = TTT ) ^2 = 7T^7 5 ^3 



9a; 1 9a; 2 9ar 

^3,5 : {^4; X 1; X 2 }, 

9 1 9 . 2 , 9 ^ 9 _ _ 9 

X 4 = — + x — + {ax )— , X 4 = — , X 2 - 



9a; 4 dx 1 dx 2 dx 1 ' 9a; 2 ' 

^3,5 : {^4; Xi,X 3 }, 

9 1 9 o. 9 _ _ 9 ^ 9 




9a; 4 9a; 2 9a; 3 dx 1 9a; 3 ' 

^ 5 :{X 4 ;X 2 ,X 3 } ;i/ = 

X4 = 9^ + (fe2) 9^ + (te3) 9^ ' ^ = h ' X3 = ^' 
^i^^ + ^ + ^^A — A— , 
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dx 1 dx 2 dx 4 ' 
% = gi(e (b+1) ^-l)# T A A A 



9a; 1 9a; 3 (9a; 4 ' 



9a; 2 dx 3 dx 4 
A a < a 4i5 : (a^O,-l<a<l), 

[Xi,X 4 ] = Xi , [X 2 ,X 4 ] = aX 2 , [X 3 ,X 4 ] = aX 3 , 



9a; 1 dx 2 1 9a; 3 9a; 4 ' 

__ f (^ 2 + g3X 3 + g 4 (e- 4 -l))^A^A^A^ o=-l 
""l^- (2a+1 ^-l)afrA^A^A^ 

3A, : {X 1 ,X 2 ,X 3 }, 

9 9 9 



9a; 1 9a; 2 9a; 3 

^3,3 = X 2 , X 3 ], 

9 , 2 \ 9 , o. 9 _ _ 9 ^ 9 

X 4 = — + (ax )— + {ax )— , X 2 = — , X 3 = — , 
9a; 4 ox 1 ox 6 ox 1 ox 6 

A% b = {X A - X u X 2 cos + X 3 sin 0}, 

d ^ • ,9.9 

A 1 = — - , A 2 cos (p + sin </? = cos <p^r + sm</j— , 
aa; 1 aar aar 

^iH^ + ^ + ^^aAaJL 
r/ 2 = gi(e 2 - -1)^A — A 



9a; 2 dx 3 dx 4 ' 

/ Ullr* , w 9 9 9 . 9 9 9 , 

^ 3 = ^ - 1){C ° S ^ A 9^ A 9^ + A 9^ A 9a^ } - 



A^g: (a^0,-l<a<l), 

[Xi,X 4 ] = Xi , [X 2 ,X 4 ] = aX 2 , [X 3 ,X 4 ] = X 3 , 

^i = e- 4 A , X 2 = e- 4 A , X 3 = e- 4 A , X 4 



dx 1 dx 2 1 dx 3 9a; 4 ' 

f (^ 1 + g 3 x 3 + g 4 (e- 4 -l))^ T A^A^A^ o = -l 
""l^(e-^ 4 -l)^A^A^A^ 
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3A 1 = {X 1 ,X 2 ,X 3 }, 

d <9 

Xi — 7TT ) X2 



dx 1 dx 2 
A 3 ,3 : {X 4 ; Xi, X 3 }, 



X, 



<9 

dx 3 ' 



X 



d 



+ x 



1 d 



+ x 6 



d 



dx A dx 1 dx 3 
A 3 5 : {X 4 ; Xi cos + X 3 sin 0, X 2 }, 



g 
dx 1 



X, 



<9x 3 ' 



— + ((a; 1 ) 2 + (x»)»)aV0{oos <p + sin V A } + JL 



9 9 
Ai cos (p + X 3 sin </? = cos </?-^— r + sin (p 



Vi = (qix 1 + Q2X 2 + q 3 x 3 



dx 1 

d d 

A 



A 



dx 3 
d 



Xo 



d 

dx 2 ' 



5a; 1 dx 2 dx 3 



m = qi(e 



2X 1 



. d d d 



V3 = qi(e {a+1)xi - l){cos^ A A A 



9a; 1 dx 2 dx 4 



+ sin ip 



d 



A 



<9 



A 



<9 



dx 4 dx 3 dx 2 



}• 



1,1 



A J 4,5 : 

[Xi, X4] = Xi 
Xi 



d 



dx 1 



[X 2 , X4] — x 2 



[x 3 , X 4 ] — x 3 , 

_„4 d 



rj = g 4 (e" 



-3x 4 



dx 2 

,9 9 9 9 
1)— A — A — A 



X, 



(9a; 3 



9a; 1 dx 2 dx 3 dx 4 ' 



X 4 



9 



3A 1 :{X 1 ,X 2 ,X 3 }, 
Xi 9 ' 9 



dx 1 



Xo 



9a; 2 



X, 



9 

9a; 3 ' 



A 3 , 3 :{X 4 ;Xi + aX 3 ,X 2 + &X 3 }, 
X 4 



9 ! , 9 <9, 2 r 9 ,9, 



dx 1 dx 3 
+ a^r^ , X 2 



dx 4 

Xi + aX 3 , ,, 

aa; 1 ox a 

: {X 4 ; X x + gX 2 , X 3 }, 

X 4 = ^ + 9 } + ^ 3 



(9a; 2 
-6X 3 

9 



dx 3 

9 , <9 



(9a; 2 9a; 3 ' 



da; 4 

Xl + ° X2 9a; 1 
: {X 4 ; X 2 , X 3 }, 



dx 1 dx 2 J dx 3 ' 

9 9 9 
+ a— , X 3 



9a; 2 



9a; 3 ' 
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X 4 = 



Xo 



9 

dx* 
9 

dx 2 



+ x< 



9 

dx 2 
X 3 



+ x c 



9 

9^' 



9 

dx 3 ' 



Vi = {Qi x1 + Q2X 2 + q 3 x 3 



9 



A 



9 



A 



9 



dx 1 dx 2 dx 3 ' 



V2 = qi(e 2 * -1){ 

9 9 
+a T ^- r A tt^t A 



9 



A 



9 



A 



9 



dx 4 dx 3 dx 2 



dx 1 dx 2 dx 4 



m = 5i (e 



2x 4 



, r (9 9 9 
1){^A^A 



iM = «i(e^ -1) 



dx 1 dx 3 dx 4 
9 9 9 



A 



A 



dx 2 dx 3 dx A 



,9 9 9 . 

fe A 9^ A 9^ } 



^ A ^ A ^ 
(9a; 2 9x 3 9a; 4 ' 



A a ' b 4 , 6 : (a^0,6>0), 

[X 1 ,X 4 ]=aX 1 , [X 2 ,X 4 ] = 6X 2 -X 3 , [X 3 , X 4 ] = X 2 + bX 3 , 

-, A —ax 4 & ~hx 4 1 4 ® 4 ^ \ 

1=6 9^ ' 2 = 6 (C ° S;r ^ + SmX 9^' 

X 3 = e { - slnx — +cosx —) , A',= — , 
1 = («-'e- 2fa * + *(e-'° + ^* _ 1)) » A A A » A ' 



9a; 1 (9a; 2 9x 3 (9a; 4 ' 



3A 1 = {X 1 ,X 2 ,X 3 }, 

9 9 9 



9a; 1 9a; 2 9a; 3 

^3,7 = {X4 '■ X 2 , X 3 }, 

X 4 = A + (&r 2 +x S)^_ + (te S_^ 



9a; 4 9a; 2 9x 3 ' 

9 9 



ox z ox 6 

9 9 9 
771 = (gia; 1 + g 2 a; 2 + 53a; 3 ) ttt a ttt A 



dx 1 dx 2 dx 3 ' 



o bx 4 ,9.9.9 



^ = ?l(e * - 1 )ft? A ft? A ftr*- 
A 4 , 7 : 

[Xi,X 4 ]=2Xi , [X 2 ,X 4 ]=X 2 , [X 3 , X4] = X 2 + X 3 , [X 2 ,X 3 ]=Xi, 
^1 = e 2x — , X 2 = x s e x — + e 



dx 1 ' ~ 9a; 1 9a; 2 ' 
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X 3 = -o;Ve-* 4 A_ x 4 e -^ d + ^ d ^ = 



dx 1 dx 2 dx 3 ' 4 dx 4 ' 



, _ A , r A _ , d d d d 
r) = q 4 (e 4x - 1) — A — A — A 



dx 1 dx 2 dx 3 dx 4 ' 



^3,1 — {X2, X 3 ; Xi}, 

X2 = TT^" ~ x3 TTT > ^3 — 7TT > -^1 = 



cte 2 ' dx 1 ' &C 3 ' cte 1 ' 

^5 '■ {Xa;Xi,X 2 }, 

d 1 d 2 d d d 

X4 = 7 "I - 2x — — -|- X — — , Ai = — - , A 2 = -^-r, 

ax 4 ax 1 ax 2 ox 1 oar 

(9 <9 <9 
?7i = (qix 2 + q2X^) T -r A — A — , 
ax 1 ax 2 ox 6 

* = «>(« -Dft^A— A— . 

A 4>8 = H 4 (g=Heisenberg Lie algebra) : 

[X 2 , X4] = X 2 , [X 3 , X4] = — X 3 , [X 2 ,X 3 ] = Xi, 

X 1 = — , X 2 = -x A e 7— -r + e 



ftr 1 ' ftc 1 cte 2 ' 

, 4 , 3 d d d 
V = (q*x )ttt a — a — a 



cte 1 <9x 2 dx 3 dx 4 ' 



^3,1 : {-^2, -^3; -Xi}, 



dx 2 dx 1 dx 3 ' ' dx 1 ' 

A 2 ©A! : {X 4 ,X i; X 2 }, 

-^-4 = t; — ^ — 1~ t; — n ) X\ = — — - , X> 



dx 4 dx 2 ' dx 1 ' dx 2 ' 
: {X4, Xi, X 3 }, 

X 4 = — -x 3 — X 1 = — X 3 = — , 

dx 4 J dx 3 dx 1 dx 3 ' 

d d d 

m = (Q2X 2 + q2x^) T - [ a — a — , 

ox 1 ox 1 ox 6 

2 , -4 _ NN d d d 



V2 = (q 3 x +gi (e* -%A- A dxA , 
/ 3 , .4 9 d d 



dx 1 dx 3 dx 4 ' 
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A b 4, 9 : (0 < \b\ < 1), 

[X 1 ,X 4 ] = (l + b)X 1 , [X 2 ,X 4 ]=X 2 [X 3 ,X 4 ] = bX 3 , [X 2 ,X 3 ] 
X 1 ^e~^ 4 ^ T , X 2 = -x 3 e- x4 ^ + e-* 4 ° 



dx 1 ' " dx 1 <9a; 2 ' 



dx 3 ' 9a; 4 ' 

(g 2 x 2 + g 4 (e- 4 -l))^A^A^A^ b = -\, 

JL a JL a JL a JL 

dx 1 M dx 2 M dx* M a^ 4 



g 4 (e- 2 ^ 4 -l)^A^A^A^ M| 



^3,1 : {-^2, X 3 ; -X.}, 

d 3 d 9 9 

X 2 = TT^T — X Tr—j- , X 3 = 7— , X 4 = 



dx 2 J dx 1 ' dx 3 ' ' dx 1 ' 

1 + 6 |1 + 6|<1 

m |1 + 6|>1 ' 



^ )5 :{X 4 ;X 2) X 3 } ;i/={ 



(9 d d d d 

X 4 = — + (b+l)x 1 —+x 2 7 — , X 1 = — , X 2 - 



dx 4 dx 1 dx 2 ' dx 1 ' 9a; 2 ' 

A 3 ,4:{X 4 ;X 1 ,X 3 }: (6 = -l\2), 

* 4 = ^ + (&+l)^ + (^ 3 )^ , X 1 = 4r , X 3 - 



dx 4 dx 1 dx 3 ' dx 1 9a; 3 ' 




1+6 1 



(9a; 4 9a; 1 9a; 3 ' (9a; 1 ' 9a; 3 



9a; 1 9a; 2 9a; 4 ' 



, 4 , 9 9 9 
% = (qix*)— A — A 



9a; 1 9a; 3 dx 4 ' 

r^ 4 = gi (e (26+1)a;4 - 1)— A — A — 
dx 1 dx 3 dx 4 



A 1 4 ,9 : 

[X 1 ,X 4 ] = 2X 1 , [X 2 ,X 4 ]=X 2 , [X 3 ,X 4 ]=X 3 , [X 2 ,X 3 ] = X : 

_Or 4 ^ 3 4 9 _ 4 9 

Xi = e 2:E 7— , X 2 = -a; 3 e x -— + e a 



9a; 1 ' " dx 1 9a; 2 ' 

9 9 



X 3 = e~ x , X 4 = 



9a; 3 9a; 4 ' 

_ 4x 4 d _ d _ d _ d 



v = q 4 (e~ 4x - 1)— A — A — A 



9a; 1 9a; 2 9a; 3 9a; 4 ' 
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^3,1 — {^2, X 3 ] Xi}, 

9 3 9 9 9 

X 2 = 7r^7 — x "o t 5 ^3 — t; 7 , -^1 = 



9a; 2 ' 9a; 1 ' ' 9a; 3 ' ' dx 1 ' 
A^ 5 2 : {X 4 ; Xx, X 2 cos + X 3 sin 0}, 

9 9 9 

X 1 = — - , X 2 cos0 + X 3 sin0 = cos^—^ 7 + sin</2- 



9a; 1 ' ' dx 3 9a; 3 ' 

9 9 9 
*7i = (qix 2 + q 2 x 3 )— A — A 



9a; 1 dx 2 dx 3 ' 

A 

A- 4,9 • 

[Xi,X 4 ] = X\ , [X 2 ,X 4 ] = X 2 , [X 2 ,X 3 ] = Xi, 

-rr _ T 4 9 o _ 4 9 4 9 

^1 = e 7— r , X 2 = -are x 7— + e 3 



9a; 1 ' " dx 1 dx 2 ' 



9 9 
X3. — ~ ~ , X4 



dx 3 dx 4 ' 

2x 4 d d d d 



r} = q 4 (e zx - 1) — A — A — A 



9a; 1 dx 2 dx 3 dx 4 '' 



^3,1 : {X2, X 3 , Xi}, 

v d 3 d v 9 v d 



9a; 2 9a; 1 ' 9a; 3 ' 9a; 1 ' 

A 2 ©A! : {X 3 ,X 4 ;X 1 }, 

9 9 i 9 9 

X 3 = — , X 4 = — + x 1 — , X x - 



9a; 3 9a; 4 ' dx 1 dx 1 ' 

^3,3 : {-^4; X 1 , X 2 }, 

9 1 9 2 9 v d 9 

X 4 = — + a; 1 — + x 2 — , X x = — , X 2 - 



9a; 4 9a; 1 9a; 2 ' dx 1 dx 2 ' 

A 3 , 2 :{X 4 + aX 3 ;X 1 ,X 2 }, 

9 9 . 2 lx 9 2 d ^ 9 
A 4 + aX 3 = — + a— + {ax +x )— + x — , A 4 = — 

9a; 4 9X- 3 9a; 1 9a; 2 ox 1 

m = ( gi a; 2 + g 2 a; 3 )A A ^_ A ^_, 

/ i / -t 4 ,n\ 9 9 9 
r?2 = (g 3 a; 1 + g 2 (e -1)) a — A 



dx 1 dx 3 dx 4 ' 



/ 2t 4 „ 9 9 9 
773 = ?i(e 2 * -1)— A— ,A 



dx 1 dx 2 dx 4 ' 
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/ r 4 +m«w 3 -\r 9 d <9 d d <9 , 
„ = - A ^ A ^ + a Wl A ^ A ^}. 

A4 5 io : 

[X 2 ,A" 4 ] = — X 3 , [X 3 ,X 4 ] = X 2 , [X 2 ,X 3 ] = Xi, 

v 9 v 34«9 4 <9 . 4 <9 

X 1 = — ■ , A 2 = -x cosx — — + cosx --- + smx — r, 
ax 1 ax 1 ax z ax^ 

v 3 • 4 5 ■ 4 9 4 5 v 9 

X 3 = x smx — r - smx -—r + cosx — - , X 4 = — - 
ox 1 ox 1 ox 6 <9x 4 

— ( x 4 ) 9 A 9 A 9 A 9 
^ dx l dx 2 dx 3 dx 4 ' 

^3,1 = {X 2 , X 3 , ; Xi}, 

X - 9 r 3 9 X - 9 X - 9 

A 2 — TT^ — X — - , A3 - — , Ai — — — r, 

OX OX OX 3 ox 1 

^ = ( gi x 2 + g 2 x 3 )A A ^_ A ^_. 
A a 4 ,ii : (a > 0), 

[Xi, A 4 ] = 2aXi , [X 2 , A~ 4 ] = aX 2 - X 3 , 
[X3, A~ 4 ] = X 2 + aX 3 , [X 2 , X 3 ] = Xi, 

X 1= e- 2 - 4 A , X 2 = -x*e- a *\osx 4 4r + e- ax4 cosx 4 ^ + e- ax \stnx 4 1 ^, 
OX L OX L ox z ox 6 

, r —nr 4 3 • 4 9 -nr 4 ■ 4 9 -nr 4 4 9 -ia 9 

X 3 = e ax x 3 smx 4 — - e ax smx*— + e ax cosx*— , A 4 = — , 
ox 1 ox 2 OX 3 ox 4 

^ ^ 4 9a; 1 (9a; 2 (9a; 3 <9x 4 ' 

^4-3,1 = \X 2 , X 3 ; Xi}, 

X 2 = — -x 3 — , X 3 = — , X 1 = — , 

(9a; 2 dx 1 ' dx 3 ' cte 1 ' 

(9 d (9 
?7i = (gix 2 + q2X 3 )Tr-[ A 7t-j A — . 

ax 1 ax 2 ax^ 



A 4j i2 : 

[A 1; A 4 ] = — X 2 , [X 1 ,X 3 ] = Xi, 
[A 2 , A 4 ] = X 1 , [A 2 , A 3 ] = x 2 , 

-\r _ T 3 A (9 3 . 4 (9 

A i = e cosx — r + e smx 



dx 1 <9x 2 ' 

-x 3 • 4 9 -r 3 4 ^ 

A 2 = -e smx -— ■ + e cosx 



dx 1 dx 2 

x 3 = — x 4 = — , 

(9x 3 ' dx 4 ' 
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rj = q 3 (e 



-2x 3 



d d d d 
'dx 1 A dx^ A Ih 3 A dx 1. 



^3,3 : {X 3 ; Xi, X 2 ], 

,.1 9 



X 1 
A 3 . 



d 

dx 3 
d 



d 



dx 1 
X 2 = 



x 



dx 2 ' 



d 



dx 1 z dx 2 ' 

^3,6 : {X4, Xi, X 2 }, 



x 1 



d 

dx 1 
d 

dx 1 



+ x z 



a 



dx 1 
X 2 = 



— x 



1 d 



dx 2 ' 



d 

dx 2 ' 



4^:{X 4 + aX 3 ;X 1 ,X 2 } (a ^ 0), 
X 4 + aX 3 



dx 4 ' ™ dx 3 

Xl = 7TT ) X 2 



d d , 1 ox 9 



ax 



- 1 ) 



d 

dx 2 ' 



dx 1 



7] 2 = (q x x 



2x 3 



1) 



dx 2 ' 
d 



A 



A 



d 



dx 1 dx 2 dx 3 ' 



_d_ 

dx 1 



A 



d 



A 



9 



??3 



dx 2 ' ' <9x 4 ' 
q x {e x +ax - 1){tt-t A tt^t A 



dx 1 dx 2 dx 4 dx 1 dx 2 dx 3 



d d d 
A — A — }. 



4 Physical Application 

Now in this section we try to construct a dynamical system which is endowed with certain 
properties related to the theory of symmetries, such that they can be considered on a quasi- 
Hamiltonian or Hamiltonian system with respect to Nambu structures of order four or three 
on four dimensional real Lie groups. Actually here we consider a system related to the Nambu 
structure on the Heisenberg Lie group. Other examples can be considered in the simslar way. 
For this purpose we use the following theorem: 

Theorem 5. [18] Let T be a dynamical system on a manifold M. Suppose that 

(1) Y possesses three commuting infinitesimal symmetries represented by the vector fields Xi, X 2 
and X 3 . 

(2) there are three constants of the motion functions for Y , i.e h±,h 2 and h 3 . 

(3) the action of the three-vector Xi A X 2 A X 3 on the exterior product the dh\ A dh 2 A dh 3 
doesn't vanish. 



then the 4-vector field 77012 = T A Xi A X 2 A X 3 is a Nambu Poisson structure on the manifold 
M. Moreover, a new Nambu- Poisson structure J on M, proportional to 770123, can be defined 
so that T is the Hamiltonian vector field of the functions hi , h 2 and h 3 with respect to J. 
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Now we apply the above theorem on the Heisenberg Lie group of the previous section: 

A 4i8 = H 4 (g=Heisenberg Lie algebra) : 
[X 2 , X 3 ] = Xi, 

We know that the Nambu structure of order four on the corresponding Lie group G is: 

^ 

V ^ X ) Q x l ^ Q x 2 ^ Q x 3 ^ Q X A ' 

where {x a ; a = 1,2, 3, 4} denotes for a local set of coordinates in the Lie group G. Suppose we 
have the following coordinate expression for the four vector fields: 

By the above theorem the vector fields Xi,X 2 and X 3 are commuting infinitesimal symmetries 
of T,such that: 



[r,X!] = o , [r,x 2 ] = o , [r,x 3 



o 



This implies that the distribution generated by X 1 ,X 2 ,X 3 and T is integrable. 
Then i] 0123 is given by: 



^0123 — Vabcd 



d d d d 



A 



A 



A 



dx a dx h dx c dx d ' 



Vabcd = det 



( f a f b f c f d \ 

Z\ Z\ Z{ zf 

<7a <yb <yc „d 

^2 ^2 ^2 Z 2 

V %3 z 3 z 3 J 



By using the calculated Nambu structure, we know that: 

A 



So we can conclude: 



^0123 = 



[ d d d d 



A 



A 



A 



dx 1 dx 2 dx 3 dx A ' 



q^x 4 = det 



( 1 


1 


1 


1 \ 

4 

q^x 


1 








1 











V 


1 





J 
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By solving the above equations, we obtain the dynamical system T and its symmetries X\, X 2 , X 3 
as follow: 

_ d d d d 



dx 1 dx 2 dx 3 dx v 



X, 



d 



dx 2 ' 

The action of 770123 011 the three differential dhi,dh2 and dh 3 of the three assumed constants 
of motion of V is 

rjoi23(dhi,dh 2 ,dh 3 ) = h 123 T 
where the map rf is defined by following relation for any k > m: 

rf : T(A k (T*M)) — > T(A m ~ k (TM)) 

by contraction of r\ with each k- form in M. On the other hand,the vanishing of the Lie brackets 
[Xi, T] means that the corresponding Lie derivatives, Cx t and £r also commute. Because of 
this, the function /i 123 is a constant of motion for T. 

Now for finding out the constant of motion for T we solve the following equations: 



r(/n) = 


0, 


T(h 2 ) = 


0, 


m) = 


0, 


T(h 123 ) 


= 1 



0. 

In conclusion we have the following constants of the motion: 

hi = Xi+i — Xi (i = 1, 2, 3), 

^123 = q±x A - 

Since we have ^123 7^ 0, we define a new structure J as follows: 

J = T—V0123- 
ft 123 

so that J is also a Nambu-Poisson structure and T satisfies: 

T = J^dh^dh^dhs). 
Thus, T is the Hamiltonian vector field with respect to J of the function hi and h 2 . 



Acknowledgment s 

We would like to thank F. Darabi for carefully reading the manuscript and useful comments. 



26 



References 

[1] Y. Nambu," Generalized Hamiltonian Mechanics," Phys. Rev. D7 (1973)2405-2412. 

[2] L. Takhtajan, "On Foundations of Generalized Nambu Mechanics," Comm. Math. Phys. 
160 (1994), 295-315. 

[3] de Azcarraga J A, Perelomove A M and Perez-Bueno J C,"New generalized Poisson struc- 
tures," J. Phys. A:Math Gen. 29 (1996) L151-7 

[4] de Azcarraga J A, Perelomove A M and Perez-Bueno J C,"Schouten-Nijenhuis brackets, 
cohomology, and generalized Poisson structures," J. Phys. A:Math Gen. 29 (1996)7993- 
8009 

[5] de Azcarraga J A, Izquierdo J M and Perez-Bueno J C,"On the higer order generalizations 
of Poisson structures," J. Phys. A:Math Gen. 30 (1997)L607-16 

[6] Ibanez R, de Leon M,Marrero J C and Martin de Diego D," Reduction of generalized 
Poisson and Nambu-Poisson manifolds ," Rep, Math. phys. 42 (1998)71-90 

[7] Ph. Gautheron, "Some remarks concerning Nambu mechanics," Lett. Math. Phys. 37 
(1996)103-116 

[8] D. Alekseevsky and P. Guha, "On decomposibility of Nambu-Poisson tensor," Acta. Math, 
univ. comen. 65 (1996)1-10. 

[9] R. Ibanez, M.de Leon . J. C. Marrero and M.de Diego." Dynamics of generalized Poisson 
and Nambu-Poisson brackets," J. Math. Phys. 38 (1997)2332-2344. 

[10] J. Grabowski and G. Marmo," Remarks on Nambu-Poisson and Nambu- Jacobi brack- 
ets," J. Pys. A. Math Gen. 32 (1999)4239-4247. 

[11] N. Nakanishi, "On Nambu- Poisson manifolds," Rev. Math. Phys; (1998)499-510 

[12] J. Grabowski and G. Marmo," On Filippov algebroids and multiplicative Nambu- Poisson 
structures," Diff. Geom. Appl. 12 (2000)35-50. 

[13] I. Vaisman," Nambu-Lie groups," J. Lie Theory 10 (2000)181-194. 

[14] N. Nakanishi, "Nambu-Poisson tensors on Lie groups," Banach center publication, volume 
5 (1973) 

[15] N. Nakanishi", Nambu-Lie groups endowed with multiplicative tensors of top order," 
Kyoto-u. ac, 1504 (2006)54-59 

[16] J. Patera and P. Winternitz "Subalgebras of real three- and four-dimensional Lie alge- 
bras," J. Math. Phys, 18 (1997)71449-1455. 

[17] B. Mojaveri, A. Rezaei - Aghdam"4+1 dimensional homogeneous anisotropic string cos- 
mological models,"Int. J . Mod phys A, v 27(2012)1250032(32p). 



27 



[18] J. F. Carinena, P. Guha and M. F. Randa," Hamiltonian and quasi- Hamiltinian systems, 
Nambu- Pisson structures and Symmetries," J. Phys. A: Math. Theor. 41 (2008)335209 
(lllp). 



28 



